Introduction
Exploitation of the resources available in space is one of the key challenges for future space exploration. Many of these resources have been recognized as potentially low-cost alternatives to those launched from Earth. In particular, Near Earth Asteroids are among the easiest objects to reach and could provide resources such as water, liquid propellants, semiconductors and metals [1] . Several studies, such as [2] , have shown that a useful mass of accessible resources may be available to be transferred into Earth orbit with transfer energies lower than that required to exploit the Moon (which is less abundant in some useful materials with respect to asteroids [3] ). To address this problem, different scenarios can be envisaged to transfer material to Earth-orbit, such as transport of the entire asteroid or transport of mined material, the optimal choice depending on the particular asteroid of interest. (vii) The centre of mass of the coupled system asteroid and chain is assumed to be coincident with the centre of mass of the asteroid.
As a consequence of these assumptions, the system has only one degree of freedom, i.e. the altitudex 1 of the first PM. Within a reference frame rotating with the asteroid, each PM is subjected to gravitational and centripetal forces, as well as the internal tensions along the tether. It is assumed that the ith tether connects the ith and the (i + 1)th PM. Note that the transversal Coriolis force does not interfere with the radial motion of the chain if friction is neglected. The overall force on the ith PM is the sum of the gravitational and centripetal force and the tether tensions. This can be expressed as:
where G = 6.674 × 10 −11 m 3 kg −1 s −2 is the gravitational constant,x i =x 1 + (i − 1)l is the altitude of the ith mass andT i is the tension on the ith tether, connecting the ith and the (i + 1)th PM (the total number of tethers is therefore n − 1). The variablex (without subscript) will also be used in this section to indicate the altitude of a generic point along the chain. Equation (2.1) can be rewritten in non-dimensional form as with μ = GM. Then,ω crit is the critical angular velocity of the asteroid. Whenω =ω crit the gravitational force on a particle δM at the equator of the asteroid is equal (in absolute value) to the centripetal force. In this paper, it is assumed ω ∈ [0, 1]. Note that the parameter ω contains information about both the angular velocity of the asteroid and its density. The overall force on the whole chain is then f = n i=1 f i . Performing the summation the internal tensions T i vanish and the net resultant force on the chain of masses is given by (see also [18] ) 6) where Ψ (m) (z) is the polygamma function of order m [20] , defined in series as
Form definition (2.4), it follows that the product λ = nl appearing in equation (2.6 ) is related to the normalized length of the chain L =L/R. In fact:
It can be shown that df /dχ > 0 for every l > 0, n and ω ∈ [0, 1]. Hence the overall force increases with an increase of the altitude χ of the first mass. The motion of the chain is described by
Using equations (2.1), (2.4)-(2.6), equation (2.9) can be written in non-dimensional form as
whereχ represents the non-dimensional acceleration of the first PM
Similarly,χ is defined asχ
For a given χ , if f = 0 the chain will be in equilibrium. Following the analysis in [18] , it can be shown that the equilibrium is unstable. The normalized tensions T i can be calculated solving the system of equations (2.1) once the chain accelerationχ is known from equation (2.9) (clearly, if the chain is in equilibriumχ = 0). Figure 2 shows the normalized tension along the tethers at equilibrium (f = 0) with χ = 0 for three values of ω and n = 25 (a), n = 50 (b), with respect to the normalized altitude x =x/R. Note that the chain length L varies for the angular velocities chosen, according to equation (2.6) with f = 0 and equation (2.8) . The maximum tension is reached for the tether crossing the synchronous orbit altitudex sync , which can be expressed as a function of ω from the definition of synchronous orbit altitude 2π 13) and using the definition ofω crit (equation (2.5)), to obtain
14)
The non-dimensional synchronous orbit altitude x sync is indicated with a dotted line in figure 2 for each ω considered. For a given ω the maximum tension becomes larger as the number of PMs is increased while, for a given n, smaller tensions are found as ω approaches the critical angular velocity. For any k > 0 the polygamma function Ψ (1) has the following property:
The above equation can then be used to rearrange equation (2.6) when the chain length L is fixed and the number of PMs becomes large. In this case, n → ∞ with l → 0 and, from equation (2.8), λ → L, i.e. λ approaches the ratio between the length of the chain and the asteroid radius. Upon simplification, equation (2.6) becomes
Then, it follows from equation (2.16) that the normalized chain length λ eq that guarantees equilibrium of the chain (f * = 0) depends only on ω. In particular, solving equation (2.16) for f * = 0 with respect to λ and considering the positive solution yields:
If equation (2.17) is specialized in the case of the Earth (ω ≈ 0.058), then the equilibrium length is the same as the limit found by Pearson [8] for a continuous hanging tower. Clearly, λ eq decreases as the angular velocity of the asteroid approaches the critical angular velocity (eventually it vanishes for ω = 1), while it tends to infinity as ω tends to zero. Figure 3 shows the relative error between equation (2.16) and equation (2.6) to evaluate the chain length λ at equilibrium, as a function of n and for three values of ω. The solution to f = 0 clearly approaches λ eq as n becomes larger. The relative error is below 3% for ω > 0.5 and n ≥ 50: under such conditions equation (2.17) can be regarded as a good approximation to the solution of f = 0. Moreover, the equilibrium length calculated with equation (2.6) is always larger than λ eq , i.e. for a given ω, the equilibrium length of a chain with finite n is always larger than the equilibrium length of a chain with n → ∞. Therefore, if f * = 0 for a given ω and λ, then f > 0 for any n.
If f > 0 (or f * > 0 for large n), then an orbital siphon effect can be envisaged, where a new payload is attached to the chain and simultaneously the top one is removed. To assess this scenario, conservation principles are applied to model the dynamics. In particular, conservation of angular momentum ( §2a) allows the variation of the angular velocity of the asteroid and chain to be investigated as a consequence of mass extraction, while conservation of linear momentum together with the kinetic energy theorem ( §2b) allows the evolution of the chain velocity to be Consequently, the asteroid mass decreases by δM to guarantee conservation of mass (figure 4c). (iv) The bottom PM is connected to the chain (figure 4d) so that the chain is in the same geometrical configuration as step (i), with χ = 0.
This sequence is then repeated, with the chain constantly operating with χ ∈ [0, l]. A set of steps from 1 to 4 defines an iteration. Let R j , M j , I A,j andω j be the radius, mass, inertia and angular velocity of the asteroid at the jth step (j = 1, . . . , 4) of the kth iteration (to avoid confusion in notation, the reference to the kth iteration is omitted at this stage). Similarly, I C,j , χ j andχ j are the moment of inertia and position and velocity of the chain. It follows:
and
where
and The mass of the asteroid changes at step (iii). As conservation of mass holds, it is assumed that the sphere loses its outer shell of mass δM and thickness δR to form the new PM which is then positioned on the surface of the asteroid (although, in practice, the change in shape of the asteroid due to mass extraction would depend on the process used to gather mass at the base of the siphon). Hence:
Note that M = 4/3π R 3 ρ and, by differentiation, δM = 4π R 2 ρδR. Therefore,
As no external torques are acting on the asteroid and chain, conservation of angular momentum holds at each step. Therefore, Hence, by neglecting again the h.o.t., equations (2.24) can be summed to find the overall angular velocity variation δω = δω 12 + δω 23 + δω 34 between step (i) and (iv): 27) where the subscript 1 has been removed fromω for clarity. Equation (2.27) dictates that the overall variation of angular velocity from step 1 to 4 is proportional to the ratio δM/M through a coefficient depending only on λ.
From hypothesis (iii) in §2 and the definition of the critical angular velocityω crit (equation (2.5)) it follows immediately thatω crit does not change between steps (i) and (iv); therefore,
This identity will be useful in later analysis.
(b) Chain radial velocity
The radial velocity of the chain is described by the non-dimensional parameterχ. If f > 0, the chain will rise between step (i) and (ii). The non-dimensional work W(χ ) done by the force f to raise the chain from 0 to χ ∈ [0, l] can be written as
where the accelerationχ is given by equation (2.10). Note that the non-dimensional work W(χ ) is related to the dimensional workW(
. From the kinetic energy theorem,
whereχ 1 is the non-dimensional velocity of the chain forχ = 0. Hence, the velocity of the chain as a function of the position χ can be written aṡ
In particular, at step (ii), χ = χ 2 = l. In this case, W(l) can be evaluated analytically
At step (iii), the top PM is released from the chain. In the inertial frame, there are no external forces acting on the asteroid and chain (assumption (vi)), hence conservation of linear momentum holds. Conserving linear momentum between step (ii) and (iii) yields 1 :
Therefore, the release of the top mass does not alter the radial velocity of the chain. At step (iv), the bottom PM, which is initially at rest, is connected to the chain. Again, applying conservation of linear momentum between steps 3 and 4 yields:
The sequence is then repeated from step one, with a newχ 1 equal to the last PM velocityχ 4 . Now, letχ k 3 be the value of the radial release velocityχ 3 at the kth iteration. Then, it follows from equations (2.33)-(2.35) thatχ
It can be shown that the recursive sequence {χ k 3 } is bound and monotonic and hence converges. Let v l be the limit of the sequence. Its value can be found noting that
which represents the normalized radial release velocity of the chain at steady state. The velocity v l depends on the length of the chain and the normalized angular velocity of the asteroid. Clearly, ω will change during the transient due to mass extraction (equation (2.27)) but, as the steady state is approached within a few iterations, this variation can reasonably be neglected. Note that v l is a finite value. Hence, even though the chain is subjected to a non-zero force, its velocity does not diverge. In fact, although the chain does accelerate between step (i) and (ii), its velocity then decreases at step (iv), as a new PM is attached to the chain, in order to conserve linear momentum. As the tethers are assumed to be rigid, the change in velocity is instantaneous. At the end of the section, this rigid-chain model is compared with an elastic chain model.
It has been noted in §2 that if f = 0 then λ > λ eq . Therefore, even if the force on the chain is initially zero at the first iteration, any arbitrary small perturbation such thatχ 1 > 0 will initialize the lifting process, and the release velocity at steady state will be positive as dictated by equation (2.37).
It is interesting to evaluate equation (2.37) when the number of masses on the chain becomes large. This can be done calculating the limit of equation (2.37) for n → ∞:
(2.38) When using equation (2.38) as an approximation of equation (2.37) for the radial velocity of a PM at release, the relative error is a function of n only:
This error is lower than 1% for n > 25. Therefore, equation (2.38) is an accurate approximation of the radial release velocity (2.37) and is a sole function of the normalized length of the chain and the normalized angular velocity of the asteroid. Equation (2.31) can be used to find the time P required for the chain to rise from χ = 0 to χ = l. In fact, noting τ =ωt then from equation (2.12)χ = dχ/dτ . It follows:
where W(χ ) is evaluated from equation (2.29). At steady state,χ 1 = ((n − 1)/n)v l . Then the time P to raise a PM becomes
Note that P is non-dimensional and a unit of rotation is defined by P = 2π . The ratio N = 2π/P therefore represents the number of released PMs per rotational period of the asteroid and it will be used in later analysis. By removing the hypotheses of tethers with infinite stiffness, the resulting system with n degrees of freedom (d.f.) will oscillate every time a new PM is added to the chain. In fact the first PM, with initial zero radial velocity, is pulled by the other PMs of the chain characterized by non-zero radial velocity, thus producing a tension in the lowermost tether which is then propagated along the chain. Figure 5 shows the difference between the rigid chain model used in this section and a n-d.f. model where the PMs are linked via tethers with rigidity k and damping c. The problem can be described using the additional non-dimensional parameters k/δM/ω and c/2 √ kδM, the former being the ratio between the angular frequency of the equivalent 1-d.f. massspring system and the angular velocity of the asteroid while the latter is the damping ratio, again referred to the same equivalent 1-d.f. system. For this specific plot k/δM/ω = 3 × 10 3 , c/2 √ kδM = 0.5 and n = 10, ω = 0.8, λ = 0.7. In the case of the n-d.f. system, the velocity of a PM is tracked from the surface until its release and is represented by a solid line. Conversely,χ for the rigid chain model is represented by a dashed line. Figure 5a compares the behaviour of the two models assuming that the chain is initially at rest for both models. Figure 5b shows the behaviour at steady state. It is apparent from these plots that the velocity in the non-rigid chain model oscillates around the average value provided by the rigid-chain model. Moreover, at steady state, the PM is released with velocityχ = v l (dashed black line), as predicted by equation (2.37). The results are insensitive to the variation of the stiffness and damping ratio.
(c) Energy
The kinetic and potential energy of the asteroid and chain at each step are given by
where the summation indexes b j are the same as in equations (2.19) . The first term in K j is due to the rotational kinetic energy of the asteroid and chain, while the second term is due to the velocity of the chain in the radial direction. The first term of the potential U j represents the self gravitational potential of the asteroid, while the second term is the potential of the chain (note that, as the PMs are considered point-like masses, their self potential is neglected 
E A is the change in kinetic energy due to material rearrangement in the asteroid as each PM is formed (step (iii) in figure 4 ): material in the vicinity of the rotation axis (with low moment of inertia) is moved towards the equator (by means of ideal conservative forces), thus decreasing the kinetic energy of the system while conserving the total angular momentum. Conversely, E δM is the mechanical energy of the top mass of the chain when released, which is then lost from the system asteroid and chain.
The parameter E δM can be normalized by dividing both sides of equation (2.45) by δM(μ/R):
In the case of a siphon operating at steady state, with the assumption of n → ∞,χ 3 can be replaced by v * l . Upon using this substitution, equation (2.46) takes the form
and becomes a function of ω and λ only. The sign of E gives immediate information about the motion of the PMs upon release: if E < 0 the motion is bound, whereas for E ≥ 0 material is ejected to escape. Note that, if E ≥ 0, the normalized energy is linked to the hyperbolic escape speed v ∞ of the released PMs through
where v esc is the escape velocity at the surface of the asteroid. Eventually, by substituting equations (2.18), (2.21), (2.23) and (2.35) into equations (2.42) it can be shown that mechanical energy is conserved between steps (iii) and (iv).
Siphon operation
Two conditions must be satisfied to guarantee proper operation of the orbital siphon: (a) there must be an overall centripetal-induced pull on the chain of masses and (b) if a PM is inserted into an orbit around the asteroid (E < 0) then it must not impact the asteroid later in its motion. Assuming that n is large, condition (a) is satisfied if 
where r p represents the periapsis altitude of the orbit. It is also assumed that, if material is released into orbit, it is collected by an orbiting-platform before performing one period of rotation around the asteroid, to avoid a collision with the chain. Then, equations (3.1), (3.2) and (2.47) comprehensively describe the behaviour of the orbital siphon as a function of ω and λ (equation (3.1) also depends on the number n of PMs but this is irrelevant when only the sign of f * is considered). These three conditions partition the ω-λ plane into regions of allowed and forbidden motion, as represented in figure 6 . The range of λ along the vertical axis has been limited between λ = 0 and λ = 1.4 as relevant information about the behaviour of the system is contained within this region. However, in principle, there is not any upper bound on this parameter. Any configuration falling within the red region (collapse region) is associated with a collapsing chain, i.e. a chain with length smaller than its equilibrium length. Complementary to the collapse region is the region with the blue boundary (stable region), and it is associated with chains longer than their equilibrium length. The separatrix between the two regions is the curve AF (equilibrium curve): if λ ∈ AF then λ = λ eq .
The stable region is then partitioned into two sections. The green region encompasses all configurations releasing PM onto hyperbolic orbits (E > 0). Conversely, material is released into bound motion around the asteroid (E < 0) for a chain within the yellow region. The boundary between these two regions is represented by the curve ED, which is associated with parabolic motion E = 0. Note that this curve partially intersects the collapse region (curve EG): therefore, for ω < ω E material can be released exclusively into hyperbolic orbits. PMs can be placed into bound motion around the asteroid when the body rotates with ω ∈ [ω E , 1] (yellow region). The coordinates of the point E can be found at the intersection of two curves E = 0 and f * = 0: A chain working at point E would release material at escape velocity and, at the same time, be in its equilibrium configuration. The condition for impact avoidance (equation (3.2) ) further restricts the domain of allowed configurations. Any configuration within the impact region (represented with black diagonal lines) identifies a siphon releasing material into bound motion that will eventually impact the asteroid (r P /R < 1). Therefore, the domain of the bound motion region is actually reduced to the region CBDE. Thus, the impact region sets a lower bound for the chain length which cannot be less than λ B (see table 1 for a summary of the relevant coordinates of figure 6 ).
It can be shown that the region CBDE represents approximately 28% of the bound motion region. Therefore, almost one-third of the possible configurations allowed for bound motion must be excluded due to the constraint of impact avoidance. Note that the semi-major axis of the orbit of the released material will increase while the asteroid loses mass [21] . Hence, material released in the CBDE region will remain bound without impacting the asteroid.
Given the above constraints, two possible strategies can be envisaged for siphon operation within the allowed region, i.e. a constant-length chain or a variable-length chain. In both cases, the total amount of extractable mass as a function of the initial angular velocity ω 0 can be found by rearranging equation (2.27) as
and integrating from ω 0 to ω < ω 0 and from M 0 to M, which yields
The parameter ξ m is defined as the extracted mass ratio. Ideally, a complete disassembly of the asteroid corresponds to ξ m = 1 and, by analysis of equation (3.6), this requires I → −∞. It is possible to find an upper bound for ξ m when the orbital siphon is releasing material with E ≥ 0, using simple energy balance considerations. In fact, for an asteroid spinning at ω = 1, its rotational kinetic energy K = 5 GM 2 /R 3 . Assuming that this kinetic energy is entirely used to remove subsequent layers of the asteroid to escape, material can be extracted from the asteroid until the radius r < R is reached, such that In the following sections, the extracted mass ratio is studied for different scenarios: λ = const. ( §3a), E/(μ/R) = const. ( §3b(i)) and f * = const. ( §3b(ii) ). The symbol ξ max m is used to indicate the maximum ξ m when ω is on the curve BCF in figure 6 .
Undoubtedly, a constant-length chain represents the best choice when considering practical implementation (for example, through conveyor systems [22] ). However, as shown in the next section, the best performance in terms of extracted mass is obtained for siphons with variablelength chains (within the simplifying assumptions underpinning this model). Then, the optimal choice will be a trade-off between maximizing the extracted mass or increasing the complexity of the system.
(a) Constant-length siphon
If the non-dimensional chain length λ is constant during the extraction sequence (iso-length extraction), the integral I from equation (3.7) can be trivially solved analytically and the extracted mass ratio becomes
with γ = 5(
. For a given λ, equation (3.10) indicates the amount of extracted mass when the asteroid has decreased its angular velocity from ω 0 to ω. It has been noted from figure 6 that the final angular velocity ω cannot be arbitrarily small: when the curve BCF in figure 6 is reached the siphon can no longer work (unless the chain length is allowed to increase, but this case is studied in the next section). Solving equation (3.10) for ω, substituting into equations (2.6) (if λ ≥ λ C ) and (3.2) (if λ < λ C ) and solving for f * = 0 and r p /r = 1, respectively, yields Figure 7 shows a contour of ξ max m as a function of ω 0 and λ. The maximum extractable mass ratio is approximately 7.7% and corresponds to λ = λ H ≈ 0.405 for an asteroid initially spinning at its critical angular velocity, i.e. ω 0 = 1. In this case, material is released with ε > 0, until ω < ω I , where material is released into bound motion around the asteroid. The red dashed line indicates the optimal λ which maximizes ξ m as a function of ω 0 . Note that for ω 0 < 0.82 the optimal chain length must be larger than the radius of the asteroid.
To perform the entire extraction into bound orbits, ω 0 must be within ω M and 1. In this case, the optimal chain length varies between λ B and λ D with extracted mass ratios up to 5%.
(b) Variable-length siphon
In this section, the effects of a chain with variable length are investigated. In theory, λ can be changed following any path with decreasing ω in the allowed region of figure 6 . In particular, in §3b(i) λ is varied by keeping the release energy E constant (iso-energy), while in §3b(ii) by keeping the force f * constant (iso-force) and equal to zero (i.e. the siphon is working along the equilibrium curve).
The choice of these paths is motivated by the following reasons. By analysis of the iso-energy curves, it is possible to understand the maximum ξ m with the minimum energy necessary to escape (E = 0) and compare it with other energy regimes. Conversely, the iso-force curve at equilibrium offers insight into the maximum amount of extractable material by keeping the chain length at the minimum allowed. In the latter case, then, the variation of angular velocity at each step of the sequence described in §3 is minimized (equation (2.24) ). 
(i) Constant non-dimensional specific energy
In this scenario, λ and ω vary according to equation (2.47) with E = const. The domain of possible iso-energy curves is restricted between E ≈ −0.219 and E = 1 (figure 8). When E > 1 the isoenergy curves never cross the equilibrium curve, thus leading to a degenerate case of an infinitely increasing chain (for E = 1, the two curves ideally intersect at ω = 0, where λ → ∞). Conversely, when E < −0.219 the iso-energy curve would cross the impact region. The lower iso-energy curve passes through the point C (the iso-energy curve through B has lower energy and would therefore cross the impact region).
The extracted mass ratio can be found solving equation (2.47) for λ and then substituting into equation (3.7). Equation (3.7) is then integrated from ω 0 to ω < ω 0 where the iso-energy curve crosses the equilibrium curve. Figure 9a shows a plot of ξ max m as a function of E within the energy domain for some values of the initial angular velocity ω 0 . The maximum ξ max m is obtained for ω 0 = 1, E = 0.224 and is approximately 11%. For any other initial velocity ω 0 < 1, the energy of the optimal iso-energy curve is larger and ξ max m decreases. For ω 0 = 0.7, the maximum extractable mass is less than half the maximum found for ω 0 = 1. In any case, optimal iso-energy extraction requires E > 0, therefore material is released on a hyperbolic trajectory with a hyperbolic excess speed which is at least half the escape velocity at the surface (equation (2.48) ). 2 It is also apparent from figure 8 that ω decreases significantly from the beginning to the end of the iso-energy curve.
For a given energy, the normalized length of the chain varies between a minimum (when ξ m = 0) and a maximum (when ξ m = ξ max m ), as represented in figure 9b for different ω 0 . For ω 0 = 1, the final chain length is comparable with the radius of the asteroid, however for lower ω 0 the final length becomes much larger (approx. five times the radius of the asteroid for ω 0 = 0.7). On the contrary for negative energies, λ < 1.
For a given ω 0 , the iso-energy with E = 0 provides extractable ratios comparable with the optimal case only for ω 0 close to 1 (figure 9a). Eventually, when ω < ω E extraction in bound orbits is not allowed. (ii) Equilibrium length
In this section, the case with f * = 0 is analysed, which is the best-case scenario to maximize the amount of extractable mass. In fact, it is apparent from analysis of equation (3.6) that ξ m is maximum when I is minimum (note that I < 0). Given ω 0 and ω, the integral I is minimized when λ is minimum, i.e. when f * = 0. In this case, although the siphon is initially in equilibrium for χ = 0, an infinitesimal perturbation can initialize the siphon effect, since the equilibrium is unstable. Again, it is assumed that n → ∞: in this case, λ varies along the equilibrium curve in figure 6 . Note that, the section AC of the equilibrium curve is also the boundary of the impact region: for a chain operating in such conditions, material would be released into an orbit with periapsis equal to the radius of the asteroid. For this reason, AC is excluded from the domain of this analysis, meaning that ω 0 ≤ ω C . However, if ω 0 ∈ [ω C , 1], the point C can be approached through the lower iso-energy curve ( figure 8) . The extracted mass ratio in this scenario is evaluated by substituting equation (2.17) into equation (3.6) , where the integral I is evaluated from ω 0 ≤ ω C to ω < ω 0 . The maximum ξ m is evidently found when the initial angular velocity is the maximum allowed in the domain just defined, i.e. ω 0 = ω C .
The blue curve in figure 10 represents the evolution of ξ max m as a function of λ, assuming that ω 0 = ω C (and, accordingly, λ = λ C ). The theoretical maximum extractable mass is reached when the chain is infinitely long and is approximately 12% of the asteroid initial mass. However, when the chain has reached twice the radius of the asteroid, the extracted mass ratio has already reached 85% of the theoretical maximum. The process releases PMs into bound orbits between λ C < λ < λ E and into a hyperbolic trajectory for λ > λ E . It is apparent from figure 10 that almost half of the extractable material is released into a bound orbit. Clearly, if ω 0 < ω C then λ 0 > λ C and ξ m will be lower than 12%. For comparison, the red curve on figure 10 shows the evolution of ξ m from ω 0 = ω E .
It is interesting to evaluate ξ max m taking into account the section AC of the equilibrium curve, as a measure of the maximum disassembly capabilities of the orbital siphon. In this case, a body rotating with ω 0 = 1 is considered and the equilibrium curve is followed from point A (see orange curve in figure 10 ). Then, equation (3.6) has an analytical solution for this scenario:
This value is almost twice the maximum extractable mass found for ω 0 = ω C . It is apparent from figure 10 that more than half of this material would be extracted inside the impact region, using chains with maximum length up to λ C ≈ 0.281. Hence, the impact avoidance constraint excludes a valuable region which would enable large mass extraction with E < 0. However, it is easy to show that a chain with a braking mechanism at the base, which reduces to zero the radial velocity of a PM at release, would move the impact region inside the collapse region, thus increasing the overall realm of allowed configurations. In this case, not only the orbital siphon works in the range ω = 1 and ω = ω C but also braking may be used in principle to generate power.
Although not directly comparable, it is interesting to observe that ξ MAX m in equation (3.12) is close to the theoretical 21.5% specified in equation (3.9), found from basic energy balance considerations. In this case, ξ m is slightly larger as part of the extraction is performed with E < 0, thus releasing material into bound orbit and not to escape. In both cases, however, ξ m is always below one-quarter of the initial mass. Table 2 shows the relevant parameters (in dimensional form) obtained in the case of a fixed-length siphon operating at the optimal length ( §3a) for some candidate asteroids. Asteroid data are taken from the Asteroid Lightcurve Database [23] and five asteroids with R < 1000 m are chosen and listed in descending order of extractable mass ( M). Data are calculated assuming the asteroid is a sphere with uniform density. Density values are chosen depending on the asteroid class, as described in [24] . As expected, these objects are fast rotators, with rotation periods below 3.5 h. For these candidates, optimal chain lengths vary between 671 m and 977 m and the maximum extractable mass is of the order of 10 11 kg.
Discussion
The time to raise a PM (P), the number of released PMs per period (N) and the radial velocity of the chain at release (v l ) are calculated assuming n = 25 and ω = ω 0 . (In general, these parameters will change as more mass is separated from the asteroid, following the analysis in §3b.) The radial velocity of the chain for all the candidates is below 1 m s −1 while the time to raise a single PM is below 100 s.
It is important to note that these values are independent from the mass δM of the PMs. Clearly, by increasing δM (and, in turn, the released mass rate) the Coriolis force acting on the chain would increase, and therefore a larger anchoring force would be required to keep the chain vertical. However, it has been shown in [22] that removing the hypothesis of a tether rigidly fixed at the surface, the resulting in-plane equatorial oscillations of the system would have negligible amplitude (on the order of milliradians) if a counterweight is connected to the chain and, therefore, the orbital siphon effect would still be stable.
Nonetheless, the issue of keeping the chain vertical could be ignored if a storing/processing spacecraft is connected directly at the end the chain. In this case, not only would the spacecraft act as counterweight, thus naturally reducing the amplitude of the resulting oscillations, but also the problem of collecting the PMs after release would be avoided.
The choice of δM also influences the rate of released materialṁ siphon = δM/(P). In [22] , it has been shown that rates up to 20 kg s −1 can be achieved for a candidate asteroid (taking into account constraints on the Coriolis force, anchoring force, tether tensions and oscillations of the system). This value is much larger with respect to the maximum mining rate suggested by Dorrington & Olsen [25] and Sonter [26] between 300 and 1000 kg d −1 . Then, the siphon can operate at the rate driven by the mining rovers and could actually withstand much larger mass flow rates.
When compared to standard propulsion systems, the orbital siphon concept becomes effective for a large amount of mined mass to be lifted from the surface. As an example, assuming the entire extractable mass M of the first asteroid of Table 2 is sent to escape, a propellant mass 8 kg is required, where the propellant mass fraction is M f = 1 − exp (−v esc /v e ) and v esc , v e are the escape velocity and effective exhaust velocity, respectively, (in this case, it is assumed v e = 4.2 km s −1 , as in [25] ). Then, the siphon becomes more efficient than the propulsion system when its mass m siphon is less than m prop and, although an estimate of the siphon mass has not been provided here, it is reasonable to assume m siphon m prop . We note however that an electromagnetic mass driver could be used to lift payload masses without the need for reaction mass.
It should be emphasized that the energy required to transport material from different part of the asteroid to the siphon has not been considered here. Although this problem requires detailed additional investigation, the energy requirements might be minimized if multiple orbital siphons are envisaged, distributed along the equatorial region of the asteroid.
Eventually, further analysis is required to understand the behaviour of the system in response to non-uniform gravity fields or in the case of non-primary axis rotators. However, the irregularity of the gravitational field would be relevant only in the close vicinity of the asteroid, while the behaviour of the system will be mainly influenced by the centripetal-induced lifting force in the outer region of the chain. Hence, it is reasonable to conclude that irregular gravity fields will change the minimum length of the chain required for the equilibrium, but the overall dynamics will not be dramatically different with respect to what has been outlined in the present work.
Conclusion
It has been shown that, considering a spherical rotating asteroid, a vertical chain of masses can be envisaged to overcome the surface gravity of the body and lift material without the need for external work to be done. Under specific conditions, the centripetal-induced force on the uppermost masses can be large enough to pull the lower masses. Thus, by releasing the top mass of the chain and adding a new payload mass at the bottom, an orbital siphon mechanism is initialized, and a stream of masses can be released with a range of energies, which depends on the physical characteristic of the asteroid (its angular velocity and density) and the chain (its length).
In particular, material can be released into bound orbits around the asteroid and into parabolic or hyperbolic orbits. However, only fast rotators with an angular velocity larger than approximately 68% of their critical angular velocity can release material into bound motion. Three strategies of mass extraction have been investigated, involving chains with constant and non-constant length. Optimal chain configurations for these cases have been discussed. In optimal conditions, the maximum extractable mass is within approximately 8 and 12% of the initial mass of the asteroid, where larger values are possible for fast rotators and variable-length chains. However, it has been pointed out that longer chains also increase the complexity of the system when considering practical implementation.
Although, in general, the practical implementations of such concepts are undoubtedly challenging (for a wide variety of problems, including proper anchoring, material selection, optimal design, etc.) this paper has shown that the orbital siphon effect could be used to extract a valuable quantity of mass from an asteroid by leveraging its rotational energy, without the need for external work to be done, and therefore offers scope for further investigation. normalized form) from equation (2.38). If material is released into an orbit with eccentricity e and semi-major axis a, then:
where E is the (constant) specific energy of the orbit and a its semi-major axis. At the periapsis r p :
where h = v p r p is the angular momentum per unit mass of the orbit and v p is the velocity at the periapsis. Since r p = (h 2 /μ)(1/(1 + e)) [27] , equation (A 2) becomes
The angular momentum per unit mass is also equal to the product h = v ⊥ (R + d), hence equation (A 3) can be written as
Moreover, the periapsis r p of the orbit can be expressed as a function of the semi-major axis and the eccentricity: where E is the non-dimensional specific energy (E = E/(μ/R)). Then, if r p /R ≤ 1 material will impact the asteroid.
